Abstract-In this experimental paper, we propose a method to detect proteins coding regions using a multiresolution waveletlike system, constructed in multi-window splines-type spaces. The method is based on considering only the generators that prominently intersect the spectrum of the DNA (Deoxyribonucleic acid) sequence and on analysing jointly three different features namely time, scale and frequency. Numerical comparison and experimental results are presented.
I. INTRODUCTION
The identification of coding regions in DNA sequences is part of the main trends in bioinformatics research [1] , [2] , [3] , [4] , [5] . The precise identification of coding regions, is useful for knowing the exact structure and functionality of a protein and also for studying evolution and for constructing phylogenetic trees.
Prokaryotic and eukaryotic cells both have DNA as the basis for their genes. While in prokaryotes cells, we find long and continuous coding genes, in eukaryotes cells, the genes display coding parts (i.e. exons) disconnected by extended noncoding parts (i.e. introns).
In the scientific literature, the methods to detect the protein coding regions are either model-dependent methods [5] or model-independent methods [1] , [2] , [3] , [4] . In this paper, we propose a model-independent method inspired by the scaling characteristics of wavelets algorithms and implemented for efficiency reasons using modulated multi-window spline-type systems. The model-independent methods, are based on a proper use of the Fast Fourier Transform and on the threebase periodicity (TBP) property. This property was observed for most of DNA sequences, and it simply means that the dominant part in coding regions of biological sequences exhibits a TBP. In order to detect these approximative repetitions of the TBP, spectral analysis techniques were efficiently used in several papers [2] , [4] .
DNA sequences are composed of 4 nucleotides: adenine (A), guanine (G), thymine (T), and cytosine (C) and they have a double helical structure, with the two individual strands linked by complementary bases i.e. A and T are complementary and G and C are likewise complementary. In order to obtain a numerical signal, we have considered a DNA sequence in FASTA format and we have applied a binary mapping to it. The mapping is the characteristic function, because it is useful to indicate the relative position of each nucleotide in the genome. Therefore, we obtain 4 binary sequences associated with the nucleotides alphabet and without losing any harmonic feature. The 3-periodicity property states that the spectral energy of the sum of the 4 binary signals representing a DNA protein coding region of length N , exhibits a peak at discrete
Wavelet analysis is using multiresolutions in order to cope both with small protein coding regions and large regions. The wavelet-like procedure proposed in here, makes use of the advantages of both the wavelet transform (scaling) and Gabor transform (modulations), while it is implemented for efficiency reasons using a multi-window spline-type scheme. Since TBPs present the same frequency content at distinct scales, the transform will use as dilations only the modulations that interect the spectrum. In this way, the multi-window Gabor or the traditional full scale multiresolution approaches are both optimized. Therefore, our method is suitable to be used with larger DNA sequences, taken from GenBank, EMBL etc. with the new generation of sequencing.
II. SPLINES REFORMULATION OF MULTISCALE WAVELET-LIKE ANALYSIS
We will work with locally compact Abelian groups and we define the left shift as the operator acting on a function or distribution f defined over the group G as
In ST (spline-type) theory, modulation is exactly the shift in the Fourier domain over the dual group. For eachx ∈Ĝ we define To define the contraction (or delay) operator is more complicated, since it doesn't fit as well as the modulation operator with the group structure. To mimic the case of the real group, we would need to give the LC group an external product with scalar e.g. a vectorial structure. Given a > 0 we could define
in such a way that the natural framework where to build our generating set is the class of Radial Basis Functions (RBFs). We remember that a RBF is a function defined between Banach spaces, φ :
For our experimental purpose, it is convenient to use generalized spline type systems (GST) [22] , allowing the construction of ST space as infinite unions of ST spaces, each of them generated by a unique function (in the wavelet case a different contraction) and a different subgroup. Wavelet and Gabor systems can be reformulated as ST systems generated by one window function and the shifts over a subgroup of the affine and Heisenberg group respectively. The first group leads to a time-scale shift, while the representation of the latter is interpreted as the classical time-frequency shift.
With the GST construction, we unfortunately lose this behaviour for both Gabor and wavelet, but this is not such a big drawback since the group-representation construction leads to lack of flexibility in the inversion of the related convolutions. More interesting is the reformulation of wavelet and Gabor systems as multiwindows spline type spaces. In [19] we have shown that the Gabor case can be exactly reformulated in a biorthogonal construction problem; this construction becomes a powerful and easy to use tool in signal analysis. This is due to the favourable case for which it is possible to periodize both time and frequency domain, from the ST perspective, the original LC group and its dual. The same is not possible for wavelet system since the collection of generating functions is infinite, not periodizable, and defined over different lattices. Wavelet can be indeed defined as a collection of function {φ i } iinI , which are characterized by being the contraction of a unique mother function φ and their shifts over a related lattice
The wavelet system becomes
in the same way a Gabor systems can be defined as the collection of shifts over the same lattice of different modulations
being K a discrete subset ofĜ. For any arbitrary set of functions X = {x n }, not only for the particular case of spline type systems, we can define the so-called system operator.
This is called frame operator elsewhere, but we always prefer to maintain the word system to approach the general case in which the collection is not a frame. For the aforementioned ST spaces
being φ i different modulations and H i equal to a unique lattice, or contractions and a monotone sequence of lattices, in the case of Gabor and Wavelet system respectively. The Gabor system operator commutes with both shift in time and frequency. This is not the case for the wavelet for which only the shift in time commutes, and not the shift in scale.
In both cases, if the system operator is invertible, it is possible to build the functions S −1 φ i , called the canonical duals, the related ST system behaves in each lattice as biorthogonal. The inversion of the system operator in the Gabor case is possible once it is a frame; then it is computationally feasible only for the rational sampling case, where the Walnut representation or other analogue representation such as the one obtained through the Zak transform are employed. This leads to a numerical scheme that is the analogue to the one obtained through the spline type reformulation, since the system operator is partitioned in a similar fashion to obtain a fast code. Under this perspective biorthogonal and dual window are highly correlated, but the first can achieve the same fast algorithm for a much wider class of ST systems. Problem occurs for the wavelet case since the frame operator does not commutes with the scale shift operator, so the usual
is not possible and a dual has to be computed at each level. On the other hand the reformulation in GST theory leads to good result for theoretical purpose [22] but displays a huge raise in the complexity of the related algorithm [22] . For this reason we decided to use the wavelet scheme in its typical multiresolution reformulation. This approach was used since the early develop of wavelet analysis, especially in image analysis. Starting from the coarsest lattice the image is analysed through a low frequency window and approximated by a linear combination of the shifts of this atom, usually through a collocation scheme; then at each subsampled lattice, the same procedure is performed on the reminder of the preceding level through a related contraction. For the approximation of the signal at each scale we can use the biorthogonal construction for a singular window, and the reproduction formula to express the projection of the signal over the ST space S(D ai , H i ). But our interest is focussed on the construction of a system that can analyse different features of a signal, and not only the scale and frequency taken alone. Using multiwindow spline type spaces, we can improve the accuracy with a small drawback in complexity. Fixed a scale, we chose to modify the window obtaining different atoms, having the same scale.
This positions our work as a numerical scheme that can handle 3 different features analysis:
• Time = through the ST structure • Scale = through the multiresolution iteration • Frequency = through the multiwindow nature.
A. Multiresolution Analysis
Wavelet transform was, since its early development in the 50' a powerful tool to counterpoint the Fourier transform. In 1987 the field had a huge development through the seminal paper of Mallat [27] . In there, the author gave the mathematical justification of multiresolution analysis (MRA). MRA is based on the construction of an ascending chain of ST spaces in
each of them generated by a scaling function D a j φ over the lattice a j Z d . At each level j is then considered W j the orthogonal complement of V j in V j+1 . Therefore, it is possible to consider any element of
for an arbitrary fixed index j 0
B. The ST multiresolution algorithm
As shown in [19] , it is possible to approximate a signal in ST spaces considering only that generators that better intersect its spectrum, since the characterization of ideal on ST space relies in the corresponding Fourier domain. The first step to employ is to consider the low frequency content of the signal. In traditional wavelet construction this role is covered by the scaling function. We use Φ := {Mx iφ }, some modulations of a low frequency Gaussian, is such a way that only the 3 ÷ 4% of the Fourier domain is covered. To handle the three different behaviours that we stated above, we have to modify the multiresolution algorithm building at each scale a consistent generating set for which the corresponding ST space has minimal distance with the given signal. Because the characterization of a ST space relies in its spectrum, we cover the whole spectrum through a modifiedM · modulation operator which will be exploited in Section III. After the whole set of generating atoms are built, we compute the correlation through the semi-product compatible to the selected Banach space, e.g. we simply rank the outcome of the multiwindow-analysis operator. We can then select the best atoms according to a fixed threshold or fixing the numbers of element of the generating set. We prefer the latter since it would be possible to compute the complexity of the algorithm on the fly. After the atoms are selected, we check whether they are linearly independent and we discard the ones that give us inconsistency and replace them with other atoms having slightly smaller correlation. Finally, we can build the corresponding biorthogonal system and store the analysis coefficient to compute the reproduction formula. It is important to notice that we have to check the linear independence of the Fourier transforms of the atoms only for a singular element ofĜ/H ⊥ , due to periodicity: by definitioṅ x =ẏ iff xH = xH.
III. NUMERICAL EXPERIMENTS
For comparison reasons with existing work in the scientific literature, we considered the analysis of DNA sequences of eukaryotics that has been processed for detecting coding regions. In particular, we have used the sequence F56F11.4 of C. elegans of 8,000 bp, which contains five coding exons in positions 928-1039, 2528-2857, 4114-4377, 5465-5644, and 7255-7605 (GenBank access number AF099922 and positions 7021-15020). This sequences has been also analyzed in [2] .
For the detection of coding regions in the DNA sequence, we have first computed the transform coefficients for all the 4 binary signals corresponding to the 4 nucleotides. Then, we have computed the squared spectral sum in order to have a common signal S. For the identification of prospective coding regions, S is projected onto the position axis and local maxima region of the projections are delimitated. In order to exclude low-value coefficients, a threshold depending on the maximum value of the data has been set for the projection.
A function that is often used in wavelet scheme is the following radial function ( centered in N/3)
Because we are working with digital signals, we consider a sampled and periodized time domain having the length equal with the one of the DNA sequence. The ST scheme has the great flexibility to work with modulation as different generating atoms, so we can build a generating set that does not rely on the modulation operator. For this reason, we decided to modify the shift in frequency in the following way: we shift the positive and negative parts of the Fourier transform in opposite direction.
We build a modified modulation operator
This will be done at each wavelet level of the multiresolution analysis, not on the scale level.
In this way, we can consider different frequency features of a signal. By simple algebraic computation we can check that this modified modulation gives us a new window that possess the same decay of the original window, so same scale parameter. To overcome the problem of badly localization in low frequency, we decided to complete the scheme using as scaling function some low frequency Gaussians, e.g. small traditional modulation of a slow decay normalized Gaussian. The results of applying the procedure for the spectrum of the DNA sequence is presented in Figure 1 .
Let Γ be a set of windows having different scale features suitable for the analysis of signal in C L . The multiresolution ST procedure has the time complexity: 
IV. CONCLUSIONS
We presented in this paper a procedure to identify protein coding regions based on wavelet-like systems constructed in multiwindow spline-type spaces. The method is modelindependent and it has the advantages of using a smaller number of modulation that the classical Gabor transform and also scaling flexibility through the multiresolution construction. The results for the DNA sequences tested, were accurate and the detected regions are in the range of the ones presented in the literature. The computational advantage of our method is easy observable since we are not using all the modulations needed but only a sequence/signal dependent selection.
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